We present a numerical model based on a time-domain travelling-wave approach to describe pulse propagation in InAs Quantum-Dot (QD) based Semiconductor Optical Amplifiers (SOA) and Saturable Absorbers (SA). The onedimensional field propagation equation is solved in the time domain, in the slowly varying envelope approximation and it is coupled to a set of multi-population rate-equations modeling carrier dynamics in the QD layers in each longitudinal section of the waveguide. The optical response of the QD active medium is introduced in the field equation via a proper polarization term described as a set of infinite impulse response numerical filters. The inhomogeneous broadening of the density of states of the QD system induced by the QD size dispersion is properly taken into account. The influence of a static electric field on carrier dynamics in a reversely biased SA is described in the rate equations via bias dependent thermionic escape rates and tunneling processes. Absorption dynamics in a QD SA shows an initial ultrafast, bias independent recovery, followed by a slower recovery strongly dependent on the applied reverse bias. The QD SOA shows instead a dominant ultrafast gain recovery on a subpicosecond time scale at both QD Ground-States (GS) and first Excited-States (ES 1 ) wavelengths. Direct capture/escape processes between quantum well states and deeply confined QD states slightly influence the gain and absorption dynamics.
INTRODUCTION
Quantum Dot (QD) Semiconductor Optical Amplifiers (SOA) have shown improved performances as components in high-speed optical signal processing applications if compared with their bulk or quantum-well (QW) counterparts, thanks to the ultrafast sub-picosecond gain recovery achievable in such devices. At the same time, QD based saturable absorbers (SA) have been successfully applied as mode-locking elements in solid state lasers and in integrated two-section passively mode-locked QD lasers, thanks to the fast absorption recovery obtained increasing the applied reverse bias. Experimental and theoretical studies of gain and absorption dynamics in such structures are therefore essential in order to optimize their performances. Differential Transmission Spectroscopy (DTS) has been shown to be a powerful technique to gain insights on the ultrafast dynamics of both QD SOAs and SAs.
DTS experiments in QD SOAs have shown gain recovery dominated by spectral hole burning non-linearity and characterized by a ultrafast time constant ranging form 100 fs to 300 fs 1 . Those measurements confirm the existence of efficient intraband carrier relaxation processes between QD confined states, mainly via Auger carrier-carrier scattering as theoretically predicted by Nielsen et al. 2 . Recently, many efforts have been done in order to understand the influence of capture processes from the two-dimensional QW/wetting layer (WL) states into the QD confined states. In past works 3 , the slower refilling of QD excited states due to less efficient carrier capture processes, was supposed to represent an intrinsic limitation in the amplification of high repetition rate pulse trains. DTS measurements performed on InGaAs QD SOAs 4 showed however a gain recovery at wavelengths resonant with QD first excited states (ES 1 ) occurring on a time scale comparable with GS gain recovery. Moreover recent DTS experiments [5] [6] have also shown no significant slow down of the GS gain recovery after the injection of a high repetition rate optical pulse train. Gomis-Bresco et al. 6 explained this behaviour with the occurrence of extremely efficient direct capture processes from two dimensional QW states into the QD GSs and ESs, governed by characteristics time constants much smaller than the characteristic relaxation time from ES 1 to GS. Such a behaviour however is not consistent with capture time calculations provided by Nielsen 2 and Vallone 7 where direct capture processes were found to only weakly contribute to the overall carrier dynamics due to the large energy difference between initial and final states.
In section 3, we applied the time-domain travelling wave model described in section 2 to the analysis of gain dynamics in a SOA with active region consisting of 5 InAs QD layers embedded in InGaAs/GaAs quantum wells (DWELL) and emitting around 1.3 μm. Comparable gain recovery times for both GS and ES 1 gain have been found, consistently with experimental results shown by Borri 4 ; moreover direct capture processes slightly contributes to the GS population dynamics. We have also found that the initial ultrafast recovery of the ES 1 gain is guaranteed by carrier relaxation from a second excited states (ES 2 ) that can be clearly identified from photo-luminescence experiments in such structures, as well as by efficient carrier capture from QW states to the QD ES 2 and ES 1 .
In QD SA based on InAs DWELL layers, the influence of the applied junction voltage on the absorption dynamics has been experimentally studied via DTS experiments [8] [9] . A bias independent fast absorption recovery of 1 ps has been reported 9 ; on a longer time scale the absorption recovery is instead strongly influenced by the applied voltage: increasing the voltage, the characteristic time governing the absorption recovery is reduced from about 60 ps at 0V up to 1 ps at 10 V. This has been mainly attributed to the enhancement of thermionic emission due to a reduction of the activation energy and by additional escape contributions due to tunneling processes. In section 4, simulations of absorption recovery in reversely biased SA is reported for a SA with the same structure as the simulated SOA. A qualitative agreement with the experiments is achieved and details of the population dynamics in the QDs leading to the GS absorption dynamics are described.
TIME-DOMAIN TRAVELLING-WAVE MODEL FOR QD SOA AND SA
The amplitude of the guided mode travelling in the longitudinal direction (z) of a single mode ridge waveguide QD SOA or SA can be written as ( ) ( )
where ( ) t z E , is the slowly varying field envelope, g v the group velocity, η is the effective refractive index of the guided mode, 0 ε is the vacuum electric permittivity, 0 ω is the reference frequency introduced in the SVEA and The slowly varying field envelopes are normalized such that the forward travelling power is simply given by ( )
The dynamics of ( ) t z P , depends on the population dynamics in the QDs. In order to properly take into account the inhomogeneous broadening of the density of state of the whole QD system due to QD size dispersion, we subdivided the QD population in N groups according to their characteristic dimensions and energy diagram. QDs belonging to the same group are supposed to be identical, providing therefore equal contributions to the polarization ( ) t z P , . A qualitative scheme of the QD energy diagram is shown in figure 1 . N=11 QD groups have been considered throughout the paper. The population dynamics in the QDs belonging to the i th QD group (i = 1…N) and the corresponding dynamics of the microscopic QD polarizations can be described via a system of equations derived from a density matrix approach. These equations are coupled with rate equations describing carrier dynamics in the QW states and SCH states. The complete set of equations in the case of current injection in the separate confinement heterostructure (SCH), reads as follows: 
, , 1 , G represents the existence probability of the i th QD group. Throughout the paper a Gaussian distribution function is assumed so that i G can be therefore written as
where E Δ is the Gaussian full width at half maximum (FWHM) and Z is a normalization constant such that
Equations (2-6) describe the population dynamics in the QD layers in the excitonic approach whereas equation (7) determines the temporal evolution of the microscopic polarizations where Γ represents the dephasing rate for polarization determining the homogeneous linewidth of the corresponding interband transition and k d is the dipole matrix element of the interband transition from state k=GS,ES 1 . In (7), the polarization dynamics associated to higher energy states has been neglected being significantly detuned in frequency with respect to the optical field coupled into the waveguide. The slowly varying envelope of the macroscopic polarization appearing in equation (1), can then be simply related to the microscopic QD polarizations via relation (8) . Equations (1-8) represent therefore a complete set of equations to be solved in order to properly describe the pulse propagation in a QD SOA. In order to model the population dynamics in a reversely biased SA however proper modifications to equations (2-6) must be introduced: the enhanced thermionic escape rates from the QD states to the QW states and from the QW to the SCH states, due to a linear barrier reduction induced by the applied electric field are modeled via modified expressions for the characteristic escape times
, where V is the applied junction voltage, bi V is the built-in potential of the junction, B k is the Boltzmann constant and T is the device temperature. Additional escape paths due to tunneling processes from QD and QW states to the SCH sates are then introduced in equations (2-5). The tunneling rates can be estimated using the Wentzel-Kramer-Brillouin approximation for a triangular well 8 . Finally in the rate equation (6) for carriers in the SCH region, the current density J in the reversely biased SA represents a drift sweep-out contribution that can be written as
where d μ is the GaAs electron mobility.
To numerically solve equation (1) properly resolving both GS and ES 1 characteristic transition frequencies, we chose 0 ω as the central frequency between the GS and the ES 1 transitions of the QD group with the highest existence probability: ; with this choice, the detuning between the injected optical pulse frequency and 0 ω remains small enough to guarantee the applicability of the SVEA. Equation (1) must then be coupled to a proper boundary condition ( ) ( )
is the slowly varying amplitude of the external field coupled into the waveguide. Using equations (1), (7) and (8), one can obtain the following integro-differential equation: 
simply represents the electric field envelope
filtered with a Lorentzian response function modeling the homogeneous-line broadening of the k th interband transition in the i th QD groups. Within the adiabatic approximation introduced in equation (10), it is therefore possible to define time varying net modal gain and refractive index spectra induced by the QDs as follows:
where The field propagation equation (10) can be solved, together with equations (2-6) describing the population dynamics in the DWELL layers, using a finite-difference approach where the convolution product appearing in the right hand side of the equation (10) 
where symbol X denotes the Fourier transform of X with respect to time. Coming back in time domain one obtains the following time stepped solution for the propagation equation (10):
where
represents the unit time step.
The convolution product ( ) ( 
Equations (14) and (15) represent therefore a complete time-stepped solution of the propagation equation (10) . Equation (14) figure 1a .
In all the figures below, the following notation is used: continuous lines represent results obtained when all the scattering processes depicted in figure 1a are taken into account, dotted lines show instead data obtained neglecting direct capture and escape process between the QW states and the deeply confined QD states ES 1 and GS. Figure 2a shows the net modal gain spectra for various values of injected current computed in absence of external optical excitation. At a fixed current, net modal gain spectra are slightly larger when direct capture processes are taken into account. This can be justified by the reduced gain saturation induced by spontaneous emission recombination in the QD states.
To study the gain dynamics in the QD SOA, we then consider an un-chirped Gaussian pump pulse with 150 fs width, 1.28 pJ energy and central frequency resonant with either GS (
The pump induced changes in the single pass gain experienced by the probe pulse as a function of the delay time relative to the pump pulse,
, are shown in figures 2b and 2c for p ω resonant with GS and ES 1 respectively. In the gain regime, the pump pulse strongly depletes carrier populations in the QD states resonant with the pulse frequency, leading to a significant gain compression. is faintly larger when capture processes are considered mainly due to the larger initial steady state gain at both GS and ES 1 wavelengths; at higher currents, the more efficient refilling of QD states due to direct capture processes causes instead a reduction of the total gain compression with respect to the case with no direct capture processes.
At both GS and ES 1 wavelengths, gain dynamics then shows a dominant ultrafast recovery completed in a picosecond time scale; subsequent long-lasting changes occurring on a time scale of hundreds of picoseconds can then be identified, leading to a clear offset in the gain curve within the investigated time interval. As expected, direct capture processes tend to speed up the gain recovery at both GS and ES 1 wavelengths whereas the long-lasting changes determining the offset in the gain recovery curve remain practically unchanged. Such slow dynamics cannot therefore be attributed to slow carrier capture in the QD states but it is mainly due to changes in the total carrier density in the active region, limited by carrier diffusion across the SCH ( recovery consistently with experimental findings of an initial ultrafast gain recovery also at the ES wavelengths. The corresponding amplitude A fast characterizing the ES 1 gain dynamics is however significantly reduced with respect to the one describing the GS gain dynamics (figure 3b) and the ES 1 gain recovery tends to be dominated by a longer time constant slow τ with a value significantly larger than the one found for the GS dynamics (figure 3c 
ABSORPTION RECOVERY IN A QD SATURABLE ABSORBER
In this section we present simulations of the same device described in the previous section, acting now as a SA. We consider a voltage applied to the p-i-n junction ranging from 0 V (short circuit) to 8 V and a pump pulse resonant with the GS transitions. The obtained absorption dynamics is shown in figure 4a for different bias values. The absorption of the strong pump pulse causes the generation of carriers in the QD GSs leading to a reduction of the absorption.
The subsequent absorption recovery can be well fitted using a double exponential function as for the SOA gain dynamics. At low applied voltages, a ultrafast absorption recovery time fast τ ranging from 400 to 300 fs is obtained as shown in figure 5a ; this dynamics is associated to the efficient excitation of the photo-generated GS carriers to higher energy states ES 1 and ES 2 . The amplitude of this ultrafast recovery A fast is however significantly smaller than the one of the ultrafast component in the SOA gain recovery and decreases further when the applied voltage is increased. The absorption recovery is instead dominated by a slower time constant slow τ , strongly dependent on the applied reverse bias, decreasing from 35.2 ps at 0V up to 2.4 ps at 8V as shown in figure 5a . The decrease of the absorption recovery time with the applied voltage also leads to a reduction of the maximum absorption bleaching induced in the SA by the strong pump pulse as shown in figure 4b .
In order to better understand the physical mechanisms leading to the absorption recovery, the dynamics of the occupation probabilities in the GSs of different QD groups in z=250 μm, for an applied bias of 0V and 8V is shown in figure 4c and 4d respectively. The absorption of the strong pump pulse generates carriers in the GSs belonging to the various QD groups, according to the shape of the pulse spectrum. The initial ultrafast excitation of carriers from the GS to higher energy QD states is then clearly visible in the case of a 0V applied bias. For this voltage, on a time scale of several picoseconds, thermionic escape from the QD states towards the QW states allows the thermalization of carriers among the various QD groups; the occupation probabilities of groups with the lowest GS energy increase therefore with time, guaranteeing the recovery of a quasi-equilibrium energy distribution of carriers in the whole QD population (figure 4c and inset). The absorption recovery is then completed thanks to non radiative recombination and spontaneous emission processes occurring on a time scale of several hundreds of picoseconds.
Increasing the applied voltage, thermionic escape towards the QW states is significantly enhanced due to the reduction of the barrier energy induced by the applied electric field; for reverse bias larger then 4V however tunneling processes from the QD states towards the three dimensional SCH states become the dominant contribution to the absorption recovery. Looking at the GS occupation probability dynamics for 8V reverse bias (figure 4d), carrier thermalization between different QD groups is prevented by the fast sweep out of carriers from the GSs due to efficient tunneling processes towards the SCH states.
Direct escape processes between the deeply confined QD states and the QW states reduces the characteristic recovery time slow τ whereas its corresponding amplitude remains practically unchanged: from 0 to 2 V, absorption recovery is almost unaffected by direct escape processes, a further increase in the voltage however significantly enhances direct thermionic emission from deeply confined QD states and QW states due to the reduction in the barrier energy with the applied electric field. 
CONCLUSIONS
We presented a time-domain travelling wave model for the analysis of pulse propagation in both QD SOAs and SAs. The model was applied to the study of gain/absorption dynamics in QD SOA and SA: the main physical mechanisms leading to fast gain/absorption recovery rates were described and the role of direct capture/escape processes between QW states and deeply confined QD states were highlighted. An agreement with published DTS experiments was obtained.
In future works, the numerical model will be extended to the analysis of passively mode locked (ML) two-section QD lasers. From this point of view, the work presented above represents an essential preliminary analysis of the QD gain and absorption dynamics governing the pulse generation in integrated QD ML lasers.
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